We show that
Introduction
It was proved by Soulé [12] and Staffeldt [13] that, for every non-negative integer q, the abelian group K q (Z[x]/(x m ), (x)) is finitely generated and that its rank is either 0 or m − 1 according as q is even or odd. In this paper, we prove the following more precise result: In particular, the p-primary torsion subgroup of K 2i (Z[x]/(x m ), (x)) is zero, for every prime number p > mi. At present, we do not know the group structure of the finite abelian group in degree 2i except for small values of i and m. We remark that the result agrees with the calculation by Geller and Roberts [11] of the group in degree 2.
To prove Theorem A, we use the cyclotomic trace map of Bökstedt-Hsiang-Madsen [4] from the K-groups in the statement to the corresponding topological cyclic homology groups and a theorem of McCarthy [10] which shows that this map becomes an isomorphism after pro-finite completion. The third author and Madsen [7, Proposition 4.2.3] , in turn, gave a formula for the topological cyclic homology groups in question in terms of the equivariant homotopy groups
of the topological Hochschild T-spectrum T (Z). Here T is the multiplicative group of complex numbers of modulus 1, C r ⊂ T is the finite subgroup of the indicated order, λ is a finite dimensional complex T-representation, and S λ is the one-point compactification of λ. Since the groups K q (Z[x]/(x m ), (x)) and TR r q−λ (Z) are finitely generated [12, 13] , these earlier results amount to a long-exact sequence are isomorphisms. After localizing at a prime number p, the abelian groups TR r q−λ (Z) decompose as products of the p-typical equivariant homotopy groups
In addition, the Verschiebung map V m , which appears in the long-exact sequence above, may be expressed in terms of the p-typical Verschiebung map V = V p . The corresponding p-typical equivariant homotopy groups with Z/pZ-coefficients,
were evaluated by the first and second author [1] and by Tsalidis [14] . More generally, the first and second author [1] evaluated the RO(T)-graded equivariant homotopy groups
where α ∈ RO(T) is any virtual finite dimensional orthogonal T-representation, and where β and γ are chosen actual representations with α = [β] − [γ]. Based on these results, we prove:
Theorem B. Let p be a prime number, let n be a positive integer, and let λ be a finite dimensional complex T-representation. Then:
is a free abelian group whose rank is equal to the number of integers 0 s < n such that
is a finite abelian group whose order is determined, inductively, by
where
Cp viewed as a T-representation via the isomorphism ρ p : T → T/C p given by the pth root. (iii) For every integer q, the Verschiebung map
is injective and, for q even, the cokernel is a free abelian group.
We remark that, for λ = 0, the result is that
while the even groups all are zero with the exception of TR n 0 (Z; p) which is a free abelian group of rank n. In the case n = 1, which was proved by Bökstedt [3] , the groups are all cyclic. For n > 1, this is not the case. It remains a very interesting problem to determine the structure of these groups. We refer to [5, Theorem 18] for some partial results.
It follows from Theorem B that, with Z/pZ-coefficients, the Verschiebung map
is injective, for q even. We do not know the value of this map, for q odd. The calculation of this map, and hence, the groups K q (Z[x]/(x m ), (x); Z/pZ), claimed in [14, Proposition 7.7 ] is incorrect. Indeed, in loc. cit., it is only the map induced by V between the E ∞ -terms of two spectral sequences which is evaluated.
The paper is organized as follows. In Section 1, we recall the results of [1] and [14] and prove Theorem B. In the following Section 2, we evaluate the terms in the long-exact sequence above and prove Theorem A. Finally, in Section 3, we specialize to the case of the dual numbers and determine the structure of the finite group
, (x)) of order (2i)! in low degrees.
1. The groups TR n q−λ (Z ; p) In this section, we prove Theorem B of the introduction. We refer the reader to [6, Sect. 2] for a detailed discussion of the groups TR r q−λ (Z) and the restriction, Frobenius, and Verschiebung maps among them.
Let M p be the equivariant Moore spectrum defined by the mapping cone of the multiplication by p map on the sphere T-spectrum. The equivariant homotopy groups with Z/pZ-coefficients,
were evaluated, for p odd, by Tsalidis [14] and, for all p, by the first and second authors [1] . We recall the result.
. Let p be a prime number, let n be a positive integer, let λ be a finite dimensional complex T-representation, and define
Then the finite Z (p) -modules TR n q−λ (Z; p, Z/pZ) have the following structure:
n , and n − 1, otherwise.
We show in Corollary 1.6 below that the groups TR n q−λ (Z; p, Z/pZ) have exponent p, for all prime numbers p.
We next recall from Bökstedt [3] that TR 1 q (Z; p) is zero, if either q is negative or q is positive and even, a free abelian group of rank one, if q = 0, and a finite cyclic group of order i, if q = 2i − 1 is positive and odd; see also [9] . Lemma 1.2. Let p be a prime number, let n be a positive integer, and let λ be a finite dimensional complex T-representation. Then TR n q−λ (Z; p) is a finitely generated abelian group whose rank is equal to the number of integers 0 s < n such that q = 2 dim C (λ C p s ).
Proof. We prove the statement by induction on n 1. The case n = 1 follows from the calculation of Bökstedt which we recalled above. Indeed,
The induction step follows from the fundamental long-exact sequence
and the skeleton spectral sequence
Indeed, the group E 2 0,2 dim C (λ) is a free abelian group of rank one and the remaining groups E 2 s,t are finite abelian groups.
Proof of Theorem B (i).
Since TR n 2i−λ (Z; p) is a finitely generated abelian group, it suffices to show that it is torsion free. We first show that the p-torsion subgroup is trivial. Comparing Theorem 1.1 and Lemma 1.2, we find that, for all integers i,
is a finite p-primary torsion group. We conclude, by a Bockstein spectral sequence argument, that TR
is torsion free; compare [5, Proposition 13] . This shows that the group TR n 2i−λ (Z; p) has no p-torsion. To see that it has no prime to p torsion, we recall from [7, Proposition 4.2.5] , that the map
becomes an isomorphism after inverting p. Hence, Bökstedt's result recalled above shows that also TR Proof. The fundamental long-exact sequence
show that the restriction map is an isomorphism, for q < 2 dim C (λ), and an epimorphism, for q = 2 dim C (λ). This proves the statement, for q 2 dim C (λ). Finally, Lemma 1.2 and Theorem B(i) show that TR
Lemma 1.4. Let p be a prime number, let n be a positive integer, and let λ be a finite dimensional complex T-representation. Then, in the skeleton spectral sequence
Proof. We assume that E r s,t supports a non-zero differential and show that s + t is odd. Suppose first that t is even. Then E r s,t is non-zero only if t = 2 dim C (λ) and s is either zero or odd. Since only E r s,t with s r 2 can support a non-zero differential, we find that s + t is odd as desired. Suppose next that t is odd. Then E r s,t is non-zero only if t > 2 dim C (λ) and odd. Hence, for E r s,t to support a non-zero differential, both r and t must be odd. It remains to show that s must be even. The iterated Frobenius map
induces a map of skeleton spectral sequences that we write 
where the left-hand vertical map and the two horizontal maps are surjective. Hence, also the right-hand vertical map is surjective. Therefore, in the diagram
the left-hand vertical map is surjective and the right-hand vertical map is zero. It follows that the lower horizontal map is zero. This proves the induction step and the lemma. Remark 1.5. The proof of Lemma 1.4 also shows that, in the Tate spectral sequencê
every non-zero differential is supported in even total degree. It remains an important problem to determine the differential structure of the two spectral sequences.
Proof of Theorem B (ii).
First, for i dim C (λ), we see as in the proof of Lemma 1.3 that the restriction map
is an isomorphism, so the statement holds in this case. Next, for i = dim C (λ)+1, it follows from Lemmas 1.2 and 1.3 that the fundamental long-exact sequence gives a short-exact sequence
q−λ ′ (Z; p) → 0 and the skeleton spectral sequence
shows that H q (C p n−1 , S λ ∧ T (Z)) has order p n−1 . So the statement also holds in this case. Finally, for i > dim C (λ) + 1, it follows from Lemmas 1.2 and 1.3 that the fundamental longexact sequence gives a four-term exact sequence
We conclude that the orders of the four groups satisfy the equality
To evaluate the ratio on the right-hand side, we consider the skeleton spectral sequence
The ratio in question then is equal to
By
and the ratio on the right-hand side is readily seen to be equal to
This completes the proof.
Proof of Theorem B (iii)
. Let ρ r : T → T/C r be the isomorphism defined by the rth root. It gives rise to an equivalence of categories ρ * r from the category of orthogonal T/C r -spectra to the category of orthogonal T-spectra. We define
and note the canonical isomorphism
. The orthogonal T-spectrum TR n ·−λ (Z; p) appears in the generalization of the fundamental cofibration sequence that was proved in [5, Proposition 4] . In the case at hand, it gives a long-exact sequence
where the right-hand map is the iterated restriction map and the left-hand map is called the norm map. Moreover, we have the skeleton spectral sequence
·−λ (Z; p)) and the composition of the edge homomorphism is zero. Hence, d r is zero in this case. If r is odd, we consider the Frobenius map (Z; p) ). It induces a map of spectral sequences that we write F : ′ E r s,t → E r s,t . As in the proof of Theorem B (ii), an induction on r 2 shows that, in the diagram
the left-hand vertical map is surjective and the right-hand vertical map zero. Hence, the lower horizontal map d r is zero as desired. This proves the statement, for q odd. Finally, suppose that q is even. We let µ be the direct sum of λ and the one dimensional complex representation C(p n−2 ). Then [6, Proposition 4.2] gives a long-exact sequence q−λ (Z; 2, Z/2Z) is equal to multiplication by 2. Now, Theorem B shows that, for q odd, the map β is zero, and that for q even, the map η is zero. Hence, the group TR 
The groups
In this section, we prove Theorem A of the introduction. We apply Theorem B to evaluate the middle and left-hand terms of the long-exact sequence
which we recalled in the introduction. We also evaluate the map V m . Proof. We show that, for every prime number p, the
We fix a prime number p and let I p be the set of positive integers that are not divisible by p. We recall from [7, Proposition 4.2.5] that there is a canonical isomorphism
where, on the left-hand side, the limit ranges over the set of positive integers ordered under division and d = d(m, r), and where, on the right-hand side, the limits range over the set of non-negative integers ordered additively and d = d(m, p n−1 j); see also [6, Sect. 2]. Moreover, on the jth factor of the product, the canonical projection
is an isomorphism, for q < 2d(m, p s j). The requirement that one or both of 2i − 2 and 2i − 1 be strictly smaller than 2d(m, p s j) is equivalent to the requirement that mi < p s j. Hence, for q = 2i − 2 or q = 2i − 1, we have a canonical isomorphism
where s = s p (m, i, j) is the unique integer such that
Now, from Theorem B (i), we find that
which proves statement (i). Similarly, we have
where s = s p (m, i, j), and Theorem B (ii) shows that the right-hand side is equal to
which proves statement (ii). Proof. We fix a prime number p and write m = p v m ′ with m ′ not divisible by p. Then, for q = 2i − 2 and q = 2i − 1, there is a canonical isomorphism
which proves statement (i). Similarly, from Theorem B (ii), we have
which proves statement (ii). 
is injective, for all integers q, and has free abelian cokernel, for all even integers q.
Proof. We fix a prime number p and show that the Verschiebung map
is injective, for all integers q, and has cokernel a free Z (p) -module, for all even integers q. We write m = p v m ′ with m ′ not divisible by p. Then, for q = 2i − 2 and q = 2i − 1, the map V m is canonically isomorphic to the map
The statement now follows from Theorem B (iii).
Proof of Theorem A. The statement follows immediately from the long-exact sequence 
The dual numbers
It follows from Theorem B that
) is a finite abelian group of order (2i)!. In this section, we investigate the structure of these groups in low degrees. 
Proof. We know from Theorem B that the orders of these three groups are as stated. Hence, it suffices to show that the 2-primary torsion subgroup of the groups in degree 4 and 6 and the 3-primary torsion subgroup of the group in degree 6 are as stated.
We first consider the group in degree 4 which is given by the short-exact sequence
The middle term in the short-exact sequence decomposes 2-locally as the direct sum
where the first and second summands on the right-hand side correspond to j = 1 and j = 3, respectively. Similarly, the left-hand term in the short-exact sequence decomposes 2-locally as
The summands corresponding to j = 3 are both zero. Hence, the 2-primary torsion subgroup of
, (x)) is canonically isomorphic to the cokernel of the Verschiebung map (2) . To evaluate this cokernel, we consider the following diagram 
where a ∈ 2Z/8Z and b ∈ (Z/8Z) * . Now, the cokernels of the middle and right-hand vertical maps are isomorphic to Z/8Z. This shows that K 4 (Z[x]/(x 2 ), (x)) (2) is as stated. We next consider the group in degree 6 which is given by the short-exact sequence
and begin by evaluating the 2-primary torsion subgroup. The middle term in the short-exact sequence decomposes 2-locally as the direct sum
where the three summands on the right-hand side correspond to j = 1, j = 3, and j = 5, respectively. Similarly, the left-hand term in the short-exact sequence decomposes 2-locally as
The summands corresponding to j = 5 are both zero. Hence, the 2-primary torsion subgroup of K 6 (Z[x]/(x 2 ), (x)) is canonically isomorphic to the direct sum of the cokernels of (2) . We show that these are isomorphic to Z/2Z ⊕ Z/2Z and Z/4Z, respectively. The statement for the latter cokernel follows from the diagram (2) . Indeed, we have already seen that the lower right-hand group is cyclic of order 4 and Theorem B shows that the lower left-hand group is zero.
To evaluate the former cokernel, we consider the following diagram
where the rows, but not the columns, are exact. It follows from Theorem B that the top middle and right-hand vertical maps V are injective. Hence, also the top left-hand vertical map V is injective. Moreover, [6, Proposition 4.2] and [5, Proposition 15] show that the bottom left-hand vertical map F 2 is surjective. Hence, also the bottom right-hand vertical map F 2 is surjective. Furthermore, it follows from Theorem B that the middle and right-hand groups in the top row have orders 4 and 1, respectively, that the middle and right-hand groups in the middle row have orders 16 and 2, respectively, and that the common group in the bottom row has order 2. In addition, Theorem 1.1 shows that the middle groups in the upper and middle rows are both direct sums of two cyclic groups. The skeleton spectral sequence (2) shows that the middle left-hand group is an extension of E (2) maps the generator of the summand E ∞ 0,5 = Z/2Z to zero. Hence, the lower left-hand vertical map F 2 in the diagram above maps the generator of the summand E ∞ 0,5 = Z/2Z to zero. But the map F 2 is surjective, and therefore, maps a generator of the summand E ∞ 3,2 = Z/4Z nontrivially. We conclude from the diagram above that the group TR It remains to evaluate K 6 (Z[x]/(x 2 ), (x)) (3) . This group is canonically isomorphic to the direct sum of TR (3) . It follows from Theorem B that the former group has order 9 and that the latter group is zero and from Theorem 1.1 that the former group is cyclic. This completes the proof. where the sum runs over integers 1 j 2i coprime to both 2 and p and s = s p (2, i, j) is the unique integer that satisfies p s−1 j 2i < p s j. Since 2i < p 2 , we find We compute that, modulo p 2 ,
Hence, we have 2i − 1 ≡ 2δ p (λ d ) − 1 modulo 2p 2 if and only if 2i + 1 ≡ 2pj + p 2 modulo 2p 2 . This is possible only if 2i + 1 is congruent to 0 modulo p. If we write 2i + 1 = ap, then 1 a p and 1 j < a. Hence, p ap p 2 and 2p + p 2 2pj + p 2 < 2ap + p 2 3p 2 , which implies that the congruence ap ≡ 2pj + p 2 modulo 2p 2 is equivalent to the equality ap + p 2 = 2pj. But then a + p = 2j which contradicts that j < a. The claim follows.
We now show that the integers (r 1 , r 2 ) are as stated. It follows from Theorem A that r 1 + 2r 2 = v p ((2i)!) = ⌊2i/p⌋.
In the case where 2i + 1 is congruent to 0 modulo p, we proved above that r 1 = 0. If we write 2i + 1 = ap, then a is odd and r 2 = ⌊2i/p⌋/2 = (a − 1)/2 = ⌊(a − 1)/2 + (p − 1)/2p⌋ = ⌊i/p⌋ as stated. In the case where 2i + 1 ≡ j modulo p with 1 j 2i/p odd, we proved above that r 2 = 1. Hence, r 1 = ⌊2i/p⌋ − 2. Finally, in the remaining case, r 2 = 0, and hence, r 1 = ⌊2i/p⌋. This completes the proof.
